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DETERMINATION OF THE CONSTITUTIVE COEFFICIENTS
FOR A MIXTURE OF TWO SOLIDS

T. R. STEEL

University of California. Berkeley

Abstract-Using a theory of mixtures allowing different temperatures for each constituent, we first discuss non­
linear constitutive equations for a mixture of two elastic solids. Then, upon specialization, we determine relations
between certain of the material constants related to each constituent and the corresponding constants related to
the mixture. We linearize the constitutive equations by assuming that all displacements from the undeformed
state, and all subsequent temperature changes, are small and we further show how to evaluate the constants
appearing in the linearized constitutive equations, under certain assumptions which are shown to be thermo­
dynamically consistent.

1. INTRODUCTION

THE theory of a mixture of two elastic solids has been considered by several authors,
from various viewpoints (see, e.g. [IJ-[6J and the references given therein). In almost all
these approaches the deformations of the solids were assumed small and thermodynamical
considerations were not included.

The physical motivation for considering such a theory is to attempt to describe the
behaviour of certain binary alloys or certain kinds of composite materials.

The major concern when considering a linearized theory of a mixture of two solids is
to try to predict, or predict bounds for, the material constants of the mixture from the
material constants of each constituent separately, with the help of certain simple experi­
ments. Most of the theories given in references [IJ-[6J do not include any interaction terms
in the partial stresses, except possibly due to the densities of each constituent.

In this paper we attempt to evaluate the coefficients in a linearized theory of two
isotropic elastic solids, from theoretical considerations and with the help of two simple
experiments. The linearized constitutive equations which we use contain full interaction
terms and we allow small temperature changes.

It is hoped that the theory considered here could be applied to certain heterogeneous
composite materials in which each point of the mixture can be considered as being occupied
by a particle of each solid when considered on a macroscopic scale, as well as to binary
mixtures of continua. In such a material there seems to be no reason why relative motion
of the constituents could not occur (cf. Shewmon [5J) and therefore we allow relative motion
in this work.

In Section 2 we restate the constitutive equations for a mixture of two non-linear
anisotropic elastic solids as derived by Green and Steel [7] using the theory of Green and
Naghdi [8], which considers a single temperature distribution for each constituent. We
also briefly restate the basic equations of the theory of mixtures given by Green and Naghdi
[9J which allows each constituent to have a different temperature. Having done this, we
reformulate the constitutive equations for a mixture of two non-linear anisotropic elastic
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1150 T. R. STEEL

solids in the framework of the latter theory in Section 3, and use the corresponding thermo­
dynamical equations to derive the appropriate restrictions upon these constitutive
equations. We thereby obtain the relation between the entropy per unit mass of each con­
stituent and the entropy per unit mass of the mixture in the case when the temperatures
of each constituent are equal.

In Section 4 we consider the linearized equations for a mixture of two isotropic elastic
solids (defined in a natural manner in Mills and Steel [IOJ), and use the relation obtained in
Section 3 to express certain material coefficients of the mixture in terms of the material
coefficients of each constituent in the mixture.

In Section 5 we consider a mixture of two isotropic solids under certain simplifying
assumptions but still including interaction terms, and we show how, in principle, the
material coefficients occurring in the constitutive equations can be determined by two
simple experiments.

2. BASIC EQUATIONS

We use the same notation as reference [9]. All co-ordinates are referred to fixed rectan­
gular Cartesian axes and Latin indices take the values 1,2,3. Greek superscripts between
parentheses take the values 1,2 and refer to the constituents I or 2 respectively. The sum­
mation convention is assumed for repeated Latin indices unless otherwise stated, but any
summation over Greek superscripts will be explicitly shown. The positions of typical
particles ofeach constituent at time r are denoted by Xl'l(r), where

( - Xl < r :s; t), (2.1)

and Xla} is a reference position of the particle of the IXth constituent.
The density of each particle is denoted by p(l land p(2 l respectively, and we define

velocity vectors vlal, acceleration vectors Ila), rates of deformation tensors dlkl , vorticity
tensors W~k) and the time derivatives moving with each particle, O(')/Ot, in the usual manner
(see e.g. Green and Naghdi [9J). We also define a mean velocity Wi and thereby define the
time derivative moving with the mixture, O/Ot. The total mass density is given by
p = p(ll+p(2).

An important assumption is that the mixture is heterogeneous, that is, each point in it
is occupied simultaneously by particles of each constituent. In the present notation, this
means that

(2.2)

and a comma in the following denotes differentiation with respect to Xi'

The constitutive equations for a mixture of two non-linear anisotropic elastic solids in
terms of thermodynamic quantities related to the mixture as a whole, are given byt

(2.3)

t See [7]; the tensors Eij and H ij used there are given by Eij = F~l'F~}) and H ij = F~})FW

A tensor function Q>ki' dependent upon the deformation gradients of each solid, can be added to oW and sub­
tracted from oW, together with the addition of Q>ki.k to ill); see Green and Naghdi [II] where it is shown that such
additions leave, in fact, all field equations and the entropy inequality unaltered. The essential part of the subsequent
work in this paper is therefore unaffected by such additions and we take the constitutive assumption Q>ki = O.
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aA
S = - aT' (2.4)

(~) _ I (F(~) aA +F(~) aA ) (25)
(j(ik) - Z P ij VFlj) kj VFlj) , .

_ 1 ( (I) aA (1) vA )
Dki - zp Fkj vFl])-Fij vFW

_ 1 ( (2) iJA (2) vA )
- -ZP Fkj BFj])-Fij vFl]l' (2.7)

vA aA
..(Il = {)(IJ __ {gradF(2)} -p(2)--{gradF(ln +a 'V(1)-V(2») (2.8)
"k VF(2) I) k aF(l) .))k k)') ).

I) I)

In the above (jl~) denotes the partial stress in the ath constituent and itP)( = - itF»)
denotes the diffusive resistance or diffusive force vector.t A is the Helmholtz free energy
and S the entropy, both per unit mass ofthe mixture, and T is the temperature of the mixture.
F~j) is the deformation gradient tensor for the ath constituent, given by

(2.9)

and akj is a function of the deformation gradients of each constituent and the temperature
of the mix ture. Also

(2.10)

and parentheses denote the symmetric part of a tensor, square brackets denote the anti­
symmetric part. Equation (2.7)z can be shown to be identically satisfied using invariance
requirements under superposed rigid body motions.

We now briefly list the basic equations that we shall need for a mixture of two chemically
inert constituents which are in motion relative to each other and which are allowed to
have differen t temperatures. t These are

(2.11 )

(2.12)

t See [9].
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where A(~l and S(~) are the Helmholtz free energy and the entropy respectively both per unit
mass of the 11th constituent. and y<~l is the temperature of the 11th constituent. qk is the heat
flux vector per unit area of the mixture per unit time, and f3~1) = - f3~21, y~21 = - y~1),

(}(~) = - (}(~) y(~) = _y(~l 'P(~) and <I>(~) are quantities which occur naturally in the theoryJJkl Piu, kl kl , .

They satisfy the equations

OJ I ) +np )+ yp )+ IiI 1) = 0,

OWl + A~: )+ y~) )+ fJU) = 0,

(2.13)

(2.14)

where epl( = - OF») and A.k)l( = - AW) are the internal force and couple acting on con­
stituent I due to interactions (mechanical and thermal). There are two more equations
corresponding to these for the second constituent, but these are redundant when there are
only two constituents.t

We have already used the rate of workequations for each constituent in writing down
(2.11) and (2.12), however we shall not write down the rate of work equations themselves
or the equations of motion, as we shall not use them here. For completeness however, the
reader is referred to Green and Naghdi [9], equations (4.38), (4.39), (3.11), (4.15) and the
boundary conditions are governed by equation (4.32).

The only other equations which we shall need are

(2.15)

(2.16)

We are now in a position to postulate constitutive equations for a mixture of two
elastic solids allowing each to have a different temperature.

3. CONSTITUTIVE EQUATIONS

We need to postulate constitutive equations for A(l), A(2), S(I), S(2), <r~M, <rlfJ) , f3~1), y~2),

f3W, y~7), AlP, 'P(I), 'P(2), <1>(1) and <1>(2). For completeness we should also postulate a consti­
tutive equation for qk but for what we are interested in here this is not necessary. We also
need a constitutive equation for np) which we shall consider later, and a constitutive
equation for the quantity [tj-Pj-nk(<rlP-<rmn which helps to determine the dynamic
boundary conditions needed. Since we will not be considering any dynamic boundary
conditions here, we omit this latter constitutive postulate. § We therefore postulate

(11 = 1,2), (3.1)

t See [9].
t For the definition of the terms in this expression, see [9].
§ If relative motion of the constituents occurs, as we have allowed here, then the boundary of the material may

not consist of a heterogeneous mixture; the formulation of the correct boundary conditions then presents some
difficulty. However, in the static problems considered later we have alleviated this difficulty by suitably choosing
our experiments.
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(
a (I) a (2) )

S(~) = s(~) ~ ~ T(I) T(2)
axIl)' ax(2)' , ,

J J

(IX = 1,2), (3.2)

(2) _ B +B ,(1) (2»)
CTlik) - ik ikJ,Vj - Vj , (3.3)

(3.4)

(3.5)

OT(I) OT(2)
'P(1) = 0+1X.(v(l)-vI2»)+a· 'v(l)-VI2»)(tP)-v(2»)+D --+D --

I I , 'J' I I J J I Ot 2 Ot

OT(!)
'P(2) = -0-a.(vll)-vI2»)-IX. 'v(l)-V!2»)(v!l)-V(2»)-D --

I I I IJ' , I J J I Ot

OT(2)
D +G d(1)-I-G' d(2) G"( II) (2»)

- 2 ----.:>t ik ik ' ik ik + ki W,k - Wik ,

(3.6)

(3.7)

eD(!) = 0, eD(2) = -0, (3.8)

..1(1) = _..1(2) = Ak +Ak· 1v!l)-v(2»)
kl kl I lJ' J J' (3.9)

where the coefficients depend on the deformation gradients of each solid, the temperature
ofeach and possibly upon the temperature of the mixture, and also obey suitable symmetry
conditions,t e.g.

In addition, f3lk
l

) and y~2) may depend upon second deformation gradients of each solid.
The temperature Tofthe mixture and the constitutive equations listed above will in general
(for more general mixtures) depend upon the history of the individual temperatures and,
perhaps, of some kinematical variables. Here, however, we restrict ourselves to consider
constitutive equations which depend only on values of the temperatures T(1), T(2) and ofthe
deformation gradients of the solids at time t. Some dependence upon the history is included
by allowing the coefficients to depend upon T. We restrict ourselves to linear dependence
upon vI!) - vj2), except for the functions 'P(1), 'P(2).

Substituting from (3.1H3.6) and (3.8) into (2.11), and using (2.9) and the expressions
for OF!j)/Ot, (IX = 1,2U we obtain an inequality involving the variables OT(1)/Ot,
OT(2)/Ot, dli), dl~), wli)-wl~), vP)-vj21, wli)+wl~) and T,t> the coefficients of which are
independent of these quantities. By first choosing a temperature distribution for the mixture
which is homogeneous, and then choosing arbitrary values of the remaining variables, we

t See [9].
t See Crochet and Naghdi [12], equations (3.6).
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can deduce that
oA(1) DI cA(1)

5( I) = + D - p(1)
- iJT(I) p(l)' 2 - cT(2)'

(
~A(I) ~A(I))

_ I (I) (1)(/ (1)(/

A ik - 2P Fkj iJFlj,+Fij iJFW -Eib

1
(

~A(I) ~A(I))
'_ (I) (2) U (2) U

Eik - "2 P Fkj i3F\J) + Fij cFW '

[p(1) ("lA(1) p(2) cA(1) ]
b - (1) , r dF(2)l { dF(I)}ak + k - P - ~F(2)lgra ij j"k -- ~F(I) gra ij k ,

P U ij P C ij

Pki +Eki = ~ p(l){( FW::l~:- Flj) ::~;:) - (FW ::l;:-FU) ::~;:)},

(
CA(l1 CA(I)) ((lA(I) CA(I»)F(1) F(I) + F(2) F(2) - 0kj ~F(I)- ij riF(I) kj ~F(2)- ij riF(2) - ,o ij C kj (! ij C k j

p(l)q T
Aikj = O,Pkij = 0; (Pij+ai}(dl)-d21)(v~l)-1'?)- p; d ~ O.

Similarly, substituting (3.1 )-(3.5), (3.7) and (3.8) into (2.12), we can deduce that

(3.10)

(3.11 )

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

Pikj = 0, Ykij = 0;

(2) _ cA(2) D2 D _ (2) oA(2)
S - - aT(2) - p(2)' I - - p ~:T(1)'

1 ( ~A(2) iJA (2»)_ (2) (2) C (2) ,

Bik - "2 P Fkj cF\J) +Fij iJFW - Gik ,

_ I (2)( (I) cA(2) (I) CA(2))
Gik -2,P Fkj t3 FlJ>+Fij iJFk}l'

_ _' _ (2)[~ CA(2) (2) _p(2) iJA(2) J (In ]
ak (k - P ~F(2) {grad F,} }k iJF(I) 19rad Fij )k ,

P 0 ij P ij

1
{(

GA (2) ~A(2)) ( ;")A(2) ;")A(2))}
, "_ (2) (1) (l)t, (2)(/ (2)(/

-}'ki+Gki - 4P Fkj iJFlj)-Fij iJFk}l - Fkj cF\J)-Fij iJFW '

(
cA(2) CA(2») ( cA(2) aA(2))F(1) F(I) + F(2) F(2) - 0

kj t3 Fl]> - ij CFW kj CFl]> - ij 0FW - ,

p(2)q T
("' .. +a ..)(v(1)-v(2»(v(l)-t,(2»+ k ,k < 0

II} I} I I } } PT -'

It can be shown, by considering invariance requirements under superposed rigid body
motions, that (3.11) and (3.14) are identically satisfied, and using these equations we can
rewrite (3.10)6 and (3.13)6 as

1 ( OA(I) GA(I»)
13, +E" - - (1) F(l) -F(I)--

ki ki - 2 P kj cFl}) ij oFW '

1
(

;")A(2) ~A(2))
, "_ (2) (1)(/ (1)(/

-"Yki+Gki -"2 P Fkj iJFl})-Fij iJFW .
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Using (3.10), (3.12)1,2' (3.13), (3.15)1,2' and (3.16) in (2.15), and also using equation
(2.13), we get

(
DA+SDT)P Dt Dt = Aikd;~l+Bikdl~)-(AiP-Pii+Yii)(wUl-wl~l)

+ni1l(vi1l - vi2l)- (Pki- Yki)(VJ!) - vI2l)(vill - vf»)· (3.17)

We now use an appropriate constitutive equation for nil), and equations (2.14) and (3.9)
to recover the results (2.4H2.8) together with

(3.18)

Also, using (3.8) in (2.16), we see that

T DS = (1)T(1) DS(ll+ (2lT(2l DS(2).
P Dt P Dt P Dt

(3.19)

(3.20)

The relation between the internal energy of the mixture and the internal energy of
each constituent (Green and Naghdi [9], equation (4.40)) is satisfied when (3.17H3.19) are
satisfied.

When the temperature distribution of each solid is the same, (3.19) reduces to

DS DS( II DS(2)
P_ = p(1l __+ p(2) --,

Dt Dt Dt

and we can relate the entropy of the mixture to the entropy ofeach solid when in the mixture.
Alternatively, if a relation between the entropy functions of each solid and that of the
mixture is assumed, then (3.19) gives a relation between the temperature of the mixture
and the temperature of each solid.

4. LINEARIZED THEORY OF TWO ISOTROPIC ELASTIC SOLIDS

We now consider a mixture of two isotropic elastic solids which are subject to small
deformations and temperature changes. We shall suppose in the following that instead of
occupying the same final position, the particles of each solid under consideration occupy
the same position initially; however, since the displacements of each solid are assumed
small, the theories of Green and Naghdi ([8] and [9]) will still hold. The displacements of
each solid, the temperature changes ofeach and their space and time derivatives are assumed
small and squares of these quantities are neglected in the expressions for the partial stresses,
diffusive force, etc. A comma now denotes spatial differentiation with respect to the initial
position of each solid; to our order of approximation this can usually equally well be con­
sidered as spatial differentiation with respect to the final position ofeither solid.

Because of invariance requirements under superposed rigid body motions and because
of the isotropy ofeach solid, we can write the free energy functions in the formt

A (IX = 1,2),

t This follows in a similar manner to that done for a single isotropic elastic solid, see [10] for details; in this
and subsequent sections we write A

"
A

"
T" T

"
p" P"" in place of Am, A(l), T(1), T(l), p(1), p(l) ... and we also

try to be consistent with the notation used previously (see, e.g. [13]).
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where A, A I' Az are isotropic functions of their arguments. Since the displacements and
temperature changes are small, we can therefore write

pA = pA+alemm+azgmm+a3G+aSerSers+a6grsgrs

+ a7ersgrs + JO(serremm + J0(9grrgmm + JO(I oGz

+ 0( lZerrgmm + 0( 13emmG + a ISgmmG,

+Jf31 oGf + Jf311 G~ + f3\2errgmm + f313 emmG1+ f314emmGZ

+ f3lsgmmGI+ f316gmmGZ+ f3I7 GIGZ'

pzA z = pzAz +}'lemm +}'Zgmm+/3GI+Y4GZ+Ysersers

+ Y6grsgrs + Y7 ersgrs + JYserremm + JY9grrgmm + JY IoGf

+JYIIG~ +Y\2errgmm +Y13 emmGI+Y14emmGZ+}'ISgmmGI

(4.1)

where ers ' grs are the usual linearized strain tensors for solid 1 and solid 2 respectively,t
G1 and Gz are the temperature changes of the two particles under consideration and a bar
denotes the value of the variable in the initial position. The coefficients are material con­
stants (which depend on the initial values of the densities and temperatures, assumed
homogeneous).

From (2.5}-{2.8), using (4.1), we have

alM = 0( I(\k + 2(0(1 + O(S)eik + a7gik+ (as - ~I al ) emmDik

+ (O(IZ -p; 0(1 )gmmDik+ a I3 GDib

(Z) - 2() (pz),a (ik) = O(Z('I;k + O(z + a6 gik + 0(7eik + a9- p O(z gmm()ik

+ (0( \2 - Ppl O(z) emmDik + a IsGDib

aWl = -aWl = 0,

-(I) PI pz (I) (Z))7l:k = --=-azgmm,k---=-alemm.k+a Uk -Uk ,
P P

where a is another material constant.

t For the definition of these. see [I3J. equations (4.4) and (8.3).

(4.2)
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Also, if we now suppose that each solid has the same temperature distribution, then
from (3.10), (3.13) and (3.20), using (4.1), we find that

ao aemm agmm { 13 2(13 )1 ao
IXIOat+IXI3at+IXtSat= 1310+1'10+ 11+1'11+ t7+Yl7Jat

We can therefore deduce that

IX I 0 = 13 10 + I' I 0 + 13 I I +}' II + 2(13 17 +)' t 7)'

IX tS = f3tS+YIS+f316+YI6-Y3+f34' (4.3)

(5.1 )

5. DETERMINATION OF THE STRES8-STRAIN COEFFICIENTS

We now assume that in the initial position there are no partial stresses, so that (4.2)
yieldst

Ulk) = uW = Alemmbik+21lIeik+A3gmmbik+21l3gik+IX130bib

ulf 1 = uW = }'2gmmbik+21l2gik+A3emmbik+21l3eik+IXISObik,

where AI' Ill, etc. are suitably defined in terms of IX s ' IX 6 , etc.
We further assume that the only interaction terms in these relations are those involving

A3 and 113; thus AI' III and A2, 112 are the Lame elastic constants for solids 1 and 2 respec­
tively when separated, and if XI = Al +illl' X2 = A2+i1l2 are the bulk moduli of each
solid, then

(5.2)

where 0'1 and U2 are the volume coefficients of thermal expansion for solids 1 and 2 respec­
tively. It can be seen from (4.1) and (4.3) that these assumptions are consistent with, e.g.,
the assumption that the free energy of each solid is unchanged on mixing, but allow more
generality.

Other authors have made similar assumptions, usually of a more restrictive nature.
In the literature on composite materials it is customary to assume relations of the form
(5.1) in the absence of thermal effects, exclude interaction so that }'3 = 113 = 0, consider a
mean strain tensor which in the notation of this paper is defined through

and, in addition, make further assumptions regarding relationships between the "partial
strains" and the mean strain sij' Such additional assumptions, if acceptable or applicable
in particular applications, will enable one to write an expression for the total stress of the
form

(5.3)

t Notice that although the diffusive force np) is now zero in static problems, there is still mechanical interaction
between the solids due to the interaction terms in the partial stresses. Furthermore, the diffusive force will be non­
zero in dynamical problems.
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where A.', 11' are related to AI, A2, 111,112, P J, P2 and coefficients which are brought in through
the relationships between Gij and the "partial strains" mentioned above.

A number of authors, using results of this form for the isothermal case, have proposed
bounds on the "overall" coefficients A.' and 11'. Here, it is not our purpose to follow the
line of argument pursued previously in the literature; instead in the rest of this section we
confine our attention toward a more direct evaluation of the coefficients which occur in (5.1).

Under the assumptions previous to (5.2) then, we examine the material coefficients
appearing in (5.1).

In the experiments which follow there may be difficulties if the moduli of each solid
were to change on mixing. However, we have explicitly assumed here that the elastic and
thermal moduli of the solids when mixed are the same as when separate, the only difference
when mixed being the addition of interaction terms. The experiment involving thermal
expansion requires the measurement of the change in volume of the mixture, which may
not be possible; however, the mean displacement of the mixture as used in this paper is
exactly that which is assumed in the theory of composite materials to be the actual displace­
ment observed when deforming an alloy (see, e.g. Hill [2J) hence the term "overall" moduli
used in these theories.

If we raise the temperature of a unit of volume of the mixture by one degree while
keeping it free of applied stresses, then by definition the volume change of the mixture (per
unit volume) is equal to the volume coefficient of thermal expansion for the mixture.
Since the total mass is conserved, the change in volume of the mixture per unit volume is
equal and opposite to the change in density of the mixture per unit mass, to our order of
approximation. Now

(5.4)

where Gik is the mean strain tensor.
From (5.1) when there are no applied stresses and the temperature is raised by one

degree, we have%

Klemm+K3gmm+1X13 = 0,

K2gmm+K3emm+IXIS = 0,
(5.5)

(5.6)

where K 3 = A3 +~1l3' Therefore, using (5.2)-(5.5), the volume coefficient of thermal
expansion for the mixture, (J, is given by

1
(J = _ 2) {(JIKI(PI K2 - P2 K3)+(J2 K2(P2 K I - PI K3)}'

p(K IK 2 - K 3

If we can determine the volume coefficient of thermal expansion for the mixture by
experiment, then knowing the properties of each solid we can calculate K 3'

We now consider a further theoretical experiment, viz., the torsion of a cylinder con­
sisting of the above mixture. We choose cylindrical polar co-ordinate axes in the initial
body so that the z-axis lies along the axis of the cylinder, and so that the plane ends of the
cylinder are at z = ± l. The cylinder has a circular cross-section of radius a and we apply

t See [13], equation (8.4).
:j: Note that similar equations (with different coefficients) still hold if the initial partial stresses are non-zero,

since the applied stresses are those over and above the initial stresses.
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(5.7)

(5.8)
_ ".(2)
- Vlj>z'

_ a(t)
- Ij>z'

equal and opposite couples at the plane ends by binding them to rigid plates and twisting.
We hold the cylinder in equilibrium keeping the curved surfaces stress-free. The deformation
is assumed to be pure torsion and the temperature remains constant throughout. Denoting
the cylindrical polar co-ordinates by (r, 4>, z), the initial and final co-ordinates of the
particles under consideration are given by

X\l) = X\2) = r cos 4>, X~I) = X<£) = r sin 4>, X~l) = X~2) = Z,

X\I) = rcos(4)+!/JIZ), X~I) = rsin(4)+!/Jlz), X~I) = Z,

X\2) = rcos(4)+!/J2 Z), X~2) = rsin(4)+!/J2z), X~2) = z.

Examination of (4.2) and the equations of equilibrium with no body forcest (or the
corresponding equations in curvilinear co-ordinates, see [lOJ), using (5.7), reveals that !/J 1

and !/J2 must be constants. Further the only non-zero physical components of stress are

a~~ = (/1I!/Jl +/13!/J2)r, a~~ = (/12!/J2+/13!/JI)r,

(5.9)

We assume that since the ends Z = ± I are fixed to rigid plates, the displacement of each
solid will be the same at these ends. From (5.7) we therefore see that !/J I = !/J 2 = !/J say.

The totalt couple at each end of the cylinder is therefore given by

M = 2n fa (a(1) -f- a(2))r2 dr
zlj> zlj> ,

o

na4(/11 + /12 + 2/13)!/J
2

using (5.8).
If we measure the angle of twist at the ends Z = ± I of the cylinder in radians (= !/Jl),

and also measure the total couple at these ends needed to maintain this angle, then we can
calculate the constant /13'

By means of two theoretically simple experiments, therefore, we can determine all
three required material constants for the mixture, viz., the volume coefficient of thermal
expansion and the constants A3 , /13'

Because of the nature of our assumptions at the start of this section, we see from (4.2)

that the diffusive force will be zero in equilibrium for the type of mixture we are considering.
If this state of affairs is not desirable, we can return to equations (4.2) instead of using (5.1)
and redefine constants AI' /11' A2, /12' ;'3' ,1.4' /13' We can then use the fact that the total
stress is zero initially to deduce that iX2 = -iX t §, and therefore that A4-)'3 = (XI' We can
therefore use the above two experiments in conjunction with one other experiment (for
example, compression at constant temperature with lateral expansion prevented) to deter­
mine the initial partial stress, the volume coefficient of thermal expansion for the mixture
and the constants ,1.3' A4 and /13' In this case we assume that iX s , iX 6 , iX s and iX g in (4.2) are
the original Lame constants for each solid when separate, and the constants ;'1' ,1.2, /11 and
/12 are suitably defined.

t See [7J, equation (6.2).
t The definition of total stress used here is that given by Green and Naghdi ([8J and [9J). Hill [2J, who con­

siders a mixture of two solids from a slightly different viewpoint, has a different definition of tota! stress.
§Cf. [13J, equation (8.12).
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In conclusion we remark briefly on the concept of effective moduli for the mixture.
These are the moduli appearing in the relation between total stress and some kind of total
strain, and previous authors have attempted to evaluate them or have evaluated bounds
for them (see, e.g. [1]-[4]). The difficulty is in obtaining a linear relation between total
stress and total strain. This can be done by either taking a "representative volume" (see
Hill [2]) and assuming that the actual strains of each solid are uniquely related to the total
strain, or by assuming, for example, that the total surface force in equilibrium is uniquely
divided between each solid. Both approaches are essentially equivalent and enable one to
obtain the desired linear relationship, which will include the coefficients describing the
division of total strain or total surface force.

The concept of the total surface force being divided uniquely between the two solids
because of the nature of the surface of the mixture (bearing in mind that the mixture is
homogeneous initially) is an attractive one and apparently physically reasonable. However,
if we assume that in any mixture we can restrict the displacements of each solid to be equal
at the boundary by suitably applying boundary conditions (in other words construct a
particular displacement-boundary-value problem, also apparently reasonable), as has
been assumed already in this paper, then we are led to the conclusion that the coefficients
describing the division of total surface force (or total strain) have certain values independent
of the nature of the mixture.

To resolve this apparent paradox we suggest that the division of total surface force
may depend upon the nature of the boundary conditions.
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A6cTp8KT-l1crronB3Yll TeopHIo cMeceH, )lOrrycKaIOII.IHX pa3HbIe TeMHepaTypbI )lnll KalK)lOrO COCTaBHoro
3neMeHTa, o6cYlK)laIOTCli crrepBa HenHHell:Hble orrpe)lenlllOII.IHe ypaBHeHHlI )lnll cMecbI, COCTOllII.leH H3
)lByx yrrpynlx TBep)lbIX Ten. 3aTeM, B Ka'leCTBe Crrel(HanbHOro cny'lall, Orrpe)lelilOTCHlI 3aBHMOTCH MelK)ly
HeKOTopbIMH rrOCTOllHHbIMH MaTepHana, OTHeceHHbIMH K KalK)lOMy COCTaBHoMy 3neMeHTy H COOTBeT­
CTBylOII.IHMH rrOCTOllHHbIMH, OTHeceHbIMH K CMeCH. JIHHHapH3YlOTClI orrpe)lenlllOII.IHe ypaBHeHHlI, rrpHHMall
BO BHHMaHHe, 'ITO ace rrepeMeII.leHHlI He)le«popMHpOBaHHOrO COCTOllHHlI H Bce rrocne)lylOII.IHe H3MeHeHHlI
TeMrrepaTypbI-ManbI. )l,anee rrOKa3aHO KaK Ol(eHHTb rrOCTOllHHbIe, rrOllBnlllOII.IHecll B nHHHapH30BaHHbIX
orrpe)lenlllOII.IHX ypaBHeHHlIX, rrpH HeKOTopbIX rrpe)lrrOnOlKeHHlIX.


